We shall deal with real functions which have continuous second derivatives in some open interval (a, b), -» ^a<b^ ». The interval of definition oif(x) is denoted by 1(f). <t>(x) is called convex (from below) if <p"(x) ^0, concave if <j>"(x)^0 in I(<p).
If <p(x) is monotone increasing and convex, and ^i(x) is monotone increasing and concave such that the range of <p(x) is contained in I(fc), then
is also monotone increasing, but usually neither convex nor concave. The question arises, under what conditions can f(x) be represented in the form (1).
Theorem 1. If f(x) is strictly monotone increasing and has a continuous second derivative in 1(f) then it has a representation (1).
Theorem 1 states that there is a strictly increasing concave function \p(u) with continuous second derivative such that ^i(m) =f(^(u)) is concave. This is equivalent to
so that (3) is satisfied, also (7) *""(*) èo.
This proves the theorem.1 If f(x) is bounded and 1(f) is finite, the question comes up whether <p(x) itself can be chosen to be bounded. This is answered by Theorem 2. If f(x) is bounded, strictly increasing and has a continuous second derivative in (a, b), then it can be represented in the form We shall see presently that boundedness of f(x) does not necessarily imply finiteness of (8).
To prove Theorem 2 we first note that, by (4), <p0(x) is bounded from above if (8) Suppose now that (8) diverges, so that <po(x) is unbounded from above, and let </>i(x) be any function which has the properties (3) and (7). By taking a suitable linear combination <p(x) =Ci<d>i(x)+d we can achieve that <p(d) =0, <p'(d) =1. Now from (3) and (6), -log *'(*) ^ /"(*)//(*) ^ -log <p¿ (x) dx dx which implies
This shows that <p0(x) is in a sense the "least convex" among all possible solutions and that 4>(x), hence also <pi(x), is unbounded. Heref'l(t) denotes -f"(t) iff"(t) £0 and 0 iff"(t) >0.
The following example shows that boundedness of f(x) does not necessarily imply finiteness of (8) [f"(l)/f'(t)]dl = -log 3 +0 (m~2) q(y) = m log 3 + 0(1) for x2m+i < x < x2m_i.
This shows that /o1 eq(v)dy is divergent.
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